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CERTAIN SINGULARITIES OF POINT TRANSFORMATIONS IN 
SPACE OF THREE DIMENSIONS* 

BY 

S. E. URNER 

1. Preliminary Definitions and Hsrpotheses. Let the equations 

(1) xi = <t,{x, y, z), yi = ip {x, y, z), zi= e{x, y, z), 

where both sets of variables denote real, rectangular coordinates, define a 
transformation of the points of space. Let the functions <t>, <p, 6 he single- 
valued and continuous at a point {xo, yo, 2o), and let them possess, with 
respect to all the variables, partial derivatives of the first order, also continuous 
there. Then, in the neighborhood of this point, the Jacobian of the trans- 
formation, 

« 

4>x 4>y 4>z 

Di<t>, rP, 6) 



J {x, y, z) = 



D{x, y, z) 



4'x 4'y, 4'z 
6x Oy dz 



is defined and continuous. It will be assumed that J {x, y, z) does not 
vanish identically. 

In general, we may assert of the above transformation, first, that it has an 
inverse transformation, which shares the above-mentioned properties of the 
original transformation; and secondly, that it -preserves the order of contact of 
geometrical figures (ordinary intersection being classified as contact of order 
zero). The further hypothesis needed to insure that the transformation pos- 
sesses these properties is that, for the point under consideration, the Jacobian 
shall be different from zero. A point where J = is called a singular point 
of the transformation; in such a point we shall look for irregularities of the 
inverse transformation, and for peculiarities in the transformation of contact. 
The latter constitute, in the main, the subject-matter of the present investi- 
gation. 

An economy of statement will be effected by assuming once for all that 
the explicit use of any derivative of <i> , yp , or 6 shall imply its -existence and con- 

* Presented to the Society February 24, 1912. 
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tinuity at the 'point under consideration, as well as the possession of these proper- 
ties by all the other derivatives of <j>, \p , and 6 of the same and lower orders. 

Under the general hypothesis that J ( a;o , 2/0 , Zo ) = , we distinguish three 
cases: the matrix of the determinant used to define J may be, (I), of rank 
2; (II), of rank 1; (III), of rank 0. We shall concern ourselves here only 
with Case I,* so that we assume henceforth that the matrix of J is of rank 2. 

2. Notations. Let Ai, Ai, A3; Bi, Bi, B3 ; and Ci, Ci, Cz denote, 
respectively, the cofactors of the elements of the first, second, and third rows 
in the Jacobian. Then let J' designate the reciprocal determinant of J: 



J' 



Now let Ai, Bi, d be a column of elements in J' , not all of which vanish at 
the singular point in question; while 7i, I2, I3 constitute a row having the 
same property. In Case I it is always possible to choose i as one of the 
subscripts 1, 2, 3, and I as one of the letters A , B , C , so that these require- 
ments shall be satisfied. We note that whenever the matrix of / is of rank 2, 
that of J' is of rank 1. That is, at such a point, 

Ai : A2 : Az ^ B\ : B2 : Bz ^ Ci : C2 : C3 . 

Whenever the ratios only are involved, the particular choice of i or of 7 is 
immaterial, except that, as we have provided, not all the elements in the 
row or column selected may vanish. We shall be dealing constantly with 
equalities which hold at the singular point under consideration, whose co- 
ordinates we take to be ( a;o , 2/0 , 20 ) . We shall not think it necessary always 
to put the quantities Xa, yo, zq into evidence by writing them in place of the 
arguments in the functions of x,y ,z involved in these equations; nor to state 
always that the equations are to hold merely for this set of values oi x, y , z. 
Equations holding for all values oi x, y, z will be distinguished by the use 
of the sign of identity. In all other cases (except where it is self-evident that 
something else is meant, as, for example, in the equations of curves or surfaces) 
the ordinary sign of equality will be used to denote equalities which hold for x = xq, 
y = yo , z = Zo . Where there is danger of ambiguity, we shall endeavor to 
avoid it by explicit statement. If a parameter t is used, we shall understand 
that to t = to correspond x = xo, y = yo , z = zo , and the same rule will be 
followed with equations in t as has been laid down for those in x, y, z. 

* In my thesis (Ms. deposited in the Harvard University Library, 1911) I have used methods 
analogous to those of the present paper, in treating Cases II and III; the results there obtained, 
however, being much less complete than in Case I. Cf . § 14. 
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Further we shall suppose that, under the transformation, to ( xo , yo , zo ) cor- 
responds (xi , y°i , Zi) . 

3. Transformation of Curves — Preliminary Treatment. Let us consider 
the curve 

(2) x = fit), y = 9(t), z=h(t), 

where/, g, h are continuous, single-valued functions of the real variable t, 
which, we assume in advance, have continuous derivatives of orders 1,2, 
• • • ,k, a.s a preliminary to any discussion or proposition involving derivatives 
of order Jc , at the point for which t = to. We further assume that at least one 
of the quantities f (to) , g' iU) , ^' (to) is different from zero. Then, if 
a , /3 , Y are the direction-angles of the tangent to (2) at ( xq , t/o , zo ) , we have 

cos a : cos /3 : cos 7 = /' ( <o ) '• g' (to) : h' (to) . 
The curve into which (2) is carried by the transformation is 
xi = <t>[f(t), g(t), h(t)]^fi(t), 

(3) yi = ^[f(t), g(t),h(t)]^gi(t), 

zi = 0[f(t), (7(0, h(t)] ^h(t). 

Here /i , gi, hi are single- valued and continuous, and have continuous deriva- 
tives of orders 1,2, • • • , k, for t = to, whenever f,g,h are so endowed, 
provided ^, xp , 6 have continuous partial derivatives of orders 1,2, • • • , k 
at ( Xo , 2/0 , Zo ) • If now ai , /3i , 71 are the direction-angles of the tangent to 

(3) &t (xi , y\ , z\) , then, in general, 

(4) cos ai : cos /3i : cos 71 = fi (to) : g'l (to) : K (to) . 

These formulae determine the direction-cosines unless fi (to) = g'l (to) = 
h'l (to) = . By differentiating (3) we get the formulae 

fi(t) =4>.f'(t) + <t>yg'(t) + 4>zh'(t), 

(5) g'i(t) = ^.r(t) + >Pyg'(t) + xp,h'(t), 
h{(t) = e,f(t) + eyg'(t) + e,h'(t). 

Then, since J (xo, yo, Zo) is of rank 2, there exists one direction for the curve 
(2), and only one, for which the determination (4) fails. This direction is 
defined by the ratios f : g' : h' = Ii : I2 : I3 . We shall call it the critical 
direction for the point (xo, yo, Zo) . Let us for the moment exclude all curves 
having this direction. It results from (5) that, no matter what the values 
oif,9',h', 

(6) A,f[ + Big{ + Cih[ = Q. 
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Therefore the tangent to the curve (3) lies in the plane through (xt, yi, zl) 
whose normal has the direction-ratios Ai : Bt : d . Let this plane be called 
n . Then all curves through ( xq , yo, zo ) » except those with the critical 
direction, are transformed into curves tangent to the fixed plane n. 

Among the curves not having the critical direction, tangency is surely 
preserved by the transformation — which may, however, cause non-tangent 
curves to become tangent. Let us find the condition that this may happen. 
Suppose that/i, g[, h'l have certain fixed values which satisfy (6). Then 
the matrix 



<^x 


4>y 4>z 


n 


fx 


4'v 4'z 


<7i 


Ox 


By 6z 


h[ 



is of rank 2. Therefore there will be at least one pair of the equations (5), 
(considered as equations in /', g' , h') which are independent, and whose 
common solutions satisfy the third. Suppose, for example, that the first 
two equations are independent. Then f[ and g\ are not both zero, for other- 
wise, by (6), A'l = 0. We note at once that 

(7) g[ {4>4' + <t>yg' + <t>. h') -/; (^./' + ^yg' + ^. h') = 0. 

On the other hand, if f , g' , h' are given any values (distinct from the critical 
values) satisfying (7), then 

<t>xf' + <t>yg'+<i>zh' = kfi, 

(fc + 0). 
^xf' + ^yg' + rl^zh'= kg\ 

That is, (7) is the necessary and sufiicient condition upon /' , g' , h', that the 
curve (3) shall be transformed into a curve having the given direction /I : gfl :h[. 
We note, moreover, that for all values of /I and g'\, (7) is satisfied if 
f :g' : h' = Ii : I2 '■ Is- Since (7) is a linear, homogeneous equation in 
f',g',h', the tangent to (2) lies in a certain fixed plane through the line having 
the critical direction. Hence the result, 

Theorem 1. The necessary and sufficient condition that two non-tangent 
curves through (xq, yo, zq) , which have there directions distinct from the critical 
direction, be rendered tangent by the transformation, is that the plane of their 
tangents at the point contain the line having the critical direction. 

4. Continuation : Curves with Critical Direction. Let us now assume that 
the curve (2) has the critical direction. Suppose, however, that not all the 
quantities f'l (to) , g'l (to) , hi (to) are zero. Then 

flit) ^ f'l [to + Slit -to)] (t-to) {0<9. <1), 
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with similar formulae for g'l , Al . Hence 

/; (0 : g\ (t) :h[{t)^ f[' [to+0iit- U)] : g[' [U +02{t-to)]: 

K'Uo+dsit-to)]. 
Allowing t to approach to , we see that 

(8) cosai : cos ;8i : cos 71 = f\ iU) : g'l (to) : k'l (to) . 
Placing/' = Hi, g' = Jch , h' = klz, we have 

/r = 4>.f" + <i>y g" + 4>. h" + ¥V'i4>,I), 

(9) g'l = ^.f" + i^y g" + «A. h" + ¥V^{^p,I), 
hi = e.f" + By g" + e, h" + k^UHd, I), 

where 

U'{F,I)^nF., + n Fyy + n F,, + 2h U F^^ + 2h U F« + 2h h F,y . 

If we make a change of parameter, t' =kt, the functions/, g ,hgo over into 
such functions f,g, h oi t' that, when t' = kto , f' = Ii,g' = l2,h' = I3. 
Then let us drop dash and prime, merely supposing the necessary changes 
already made in the functions/, g , h a.s they stand. This done, we have a 
right to set k in equations (9) equal to unity. 

But we conclude from (9) that 

(10) Aif['+Big['+Cih['=P, 
where 

P = AiU'{<t>, D + BiU'CP, D + CiVie, I). 

First, suppose P =1= . Then it is clear that no curve having the critical direc- 
tion can become a curve tangent to 11; for the value of the quantity P is in- 
dependent of the particular curve ( 2 ) . Aside from the fact that it does not 
lie in n , no restriction is imposed by (10) upon the direction of the tangent 
to the transformed curve. For, if we conceive of /!', g'l , K' as given numbers, 
satisfying (10), it is possible to find values of/", g" , h" to satisfy (9). On 
account of (10), the matrix of the coefiicients in (9) is of rank 2. Since the 
matrix of J is of rank 2, there are two of these equations which are consistent 
and independent, and whose common solutions satisfy the third. There 
will be a one-parameter family of these solutions. 

On the other hand, if/" , g" , h" have any values which satisfy the relations 

Izg"-hh" = p, 

(11) -hf" +hh" = q, 

hf'-hg" =r, 
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p, q, r being any numbers such that Iip-{- loq -\- I^r = , their substitution 
in (9) will yield certain fixed values for/i', g'l , h'l'; and these values will satisfy 
(10). This results from elimination of/", g" , h" between (9) and any two 
of (11) which are independent. Conversely, the one-parameter set of values 
of /" , g" , h" which correspond to fixed values of /i' , g'l' , hi will satisfy (11) for 
some admissible set of values oi p , q, r. To prove this, we need only elimi- 
nate /" , g" , h" successively between two of equations (9) which are inde- 
pendent. But (11) will be recognized as the conditions that the curve (2) 
have contact of at least the second order with some fixed curve. Hence, 

Theorem 2. The necessary and sufficient condition that two curves having 
the critical direction be transformed into tangent curves is that they have contact 
of at least the second order. 

5. Conditions for Complanar Tangents. To speak roughly, then, the non- 
critical directions, constituting a two-parameter family, correspond to the 
one-parameter family of directions in the plane IT, each plane of directions 
through the critical tangent being compressed into a single direction; whereas, 
the critical direction itself explodes into the whole two-parameter family of 
directions at ( xj , yj , zj ) , exclusive of those in IT . It will be useful, however, 
to inquire more closely into this latter correspondence. Our first step is as 
follows : 

Theorem 3. Any family of curves through (xo, yo, Zq) which have there 
the critical direction, and which also have in that point the same osculating plane, 
will he transformed into a family of curves whose tangents at ( x\ , y\, z\) are 
complanar. Each plane of tangents thus determined will pass through the line 
whose direction-ratios are U^ {(t>, 7 ) : C/^ ( ^ , I) :U^ (6, 1) . Conversely, 
if the common tangent plane to two of the transformed curves contains this line, 
then the original curves have the same osculating plane at {xq,, yo, Zo ) . 

Among the curves with the critical direction, those will have the same 
osculating plane, and only those, for which 

(12) af" (to) + bg" (t,) + ch" W = , 

a, b , c being constants, such that ali -{- bl-z -\- cIs = , a^ -\- b^ -\- c? ^ Q. 
For the osculating plane of such a curve at ( a;o , i/o , zo ) will have the equation 

{h"h -g"h)(x- .To) + if'Iz - h" h) (y - yo) 
(13) 

+ ig"Ii-f"l2){z-zo) = 0. 

If we suppose (12) satisfied, then the three coefficients in (13) will have values 
proportional to a, b , c. On the other hand, it is easy to see that when the 
coefficients in (13) have ratios a : 6 : c independent of /" , g" , h" , then these 
latter quantities satisfy (12). 
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But if we adjoin the condition (12) to (9), there results a linear relation 
between fl , g'^ , h'l . In fact, if, for example, ^i 4= 0, then we have 



(14) 



dy 



e. 



ig['- UH4', I))- 



(hr- u'id, i)) = o, 



this relation being independent of (10), since .4i =t= 0. Now (10) and (14) 
are to be considered as equivalent to a single homogeneous linear condition 
upon f'l, g'l , h'l , which of course confines the tangent of the transformed 
curve to a fixed plane. Further, both (10) and (14) are satisfied, for all 
values of a, 6, c, if 

/'/= UH<t>, I), 9['= U'i^, I), K'= UHe, I). 

If now we subject /,' , g'l , h[' , to any condition of the form 

(15) X(/;- U'{<t>,I)) + n{g';- VH^,I)) + v{h'{- U^{e,I)) = 0, 

where >? + ij,^+ i^ ^ ,in addition to (10), then/", </", h" satisfy a relation 
like (12). To show this, we need only substitute in (15) the values of /{', jr'/ , 
h{' from (9), thus obtaining ■ 

{Mx + fi'l^x+ve:c)f"+ {Mu + f^^y+ vQy)9" + (X<^. + M<A.+ ve,)h" = 0. 

The coeflficients of/", g" , h" here evidently satisfy the conditions placed upon 
a, h, c. They are not all zero, since we are not at present dealing with the 
plane 11 . Theorem 3 is therefore proved. 
It is to be noted that when 

h" h - g" h = /" h - h" h = g" h -f"l2 = 0, 
the equation of the osculating plane, (13), disappears, and our theorem be- 
comes illusory. All curves for which this happens have contact of the second 
order with each of their tangent planes and with the line having the critical 
direction. The transformed curves are tangent to the transform of this 
straight line, which at ( xj , ?/? , 2? ) has the direction 

UH<t>, I):UH4', I):UHd, I). 

The preceding theorem is, however, a very special one. It shows how a 
family of curves which osculate a certain plane are carried into curves tangent 
to a certain plane — the latter always containing a fixed line. It will be useful 
to generalize this, and to find what condition a curve must fulfill in order that 
its transformed curve may be tangent to a specified plane. 

For this purpose, let us consider the equations (9) (with h = 1). If the 
tangent to the transformed curve lies in the plane whose normal has the di- 
rection-ratios \ : IX : V, then 

>^/i' + m + vh'i = . 
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The corresponding condition imposed by (9) upon/", g" , h" is 

(X<^x + Mvi'x + ve^)f" +i'K<l>y+ n4'y + vOy) g" 
(16) 

Moreover, if we construct the relation (16) for an arbitrary set of values of 

\, fi, V , then all the curves satisfying it will go over into curves normal at 

{x\, y\, z\) to the line with direction-ratios \ : y. -.v . It will be observed, 

however, that if we multiply the coefficients of/" , g" , h" in (16) by Ii, h, I3, 

respectively, and add, the result is zero; and conversely, any equation of the 

form 

(17) ^f"+v9"+^h"+ 0^ = 0, 

where 

^/i + vh + fla = 0, but e+v'+^^^O, 

is equivalent to a relation of the form (16), \, n, v being properly chosen. 
For, if we set, 

Mx + fi'Px + v6x = ? , 

\(t>y+ flfy+ vOy = JJ, 

X02+ fitf'z + vBz = f , 

xu'U, I) + ixUH^ , I) + vUHe , i) = ^, 

then we can solve uniquely f or X , /i , c . In fact, the first three of these equa- 
tions are connected by a linear relation, since J = , and 

but there will always be two of them which are independent, since J is of rank 
two. Further, the fourth equation is independent of, and consistent with, 
the others, since we have supposed that 

P = AiUH^, I) + BiU^i4', I) + CiUHe, 7)4=0. 

We have now indicated sufficiently how to find the plane of directions which 
corresponds to a given relation (17). 

But it is possible to attach to the condition (17) a more concrete significance. 
If the surface F {x, y , z) = and the curve 

x = f{t), y = g{t), z=h{t) 

pass through {xd, 2/0 , zo ) , corresponding to t = to, the conditions for contact 
of at least the second order between them at this point are, that for t = to, 

,,„, dF [f it) , g (t) , h it)] (PFlfjt), g{t), hit)] , 

(1^) It - df -"• 
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That is, 

(19) F,f + Fyg' + F,h' = (i, 
and, 

(20) F.f" -\-Fyg" + F, h" + U' (FJ', g',h') = 0, 
where 

U'(F,f' ,g' ,h') = F:.4'' + Fyyg'' + F,,h'' + 2Fy.g'h' + 2F..h'f' + 2F.J'g' . 

If the surface is tangent to the curves having the critical direction, so that (19) 
is fulfilled, then it follows that (20) is of the form (17); that is, 

F,Ii + Fyl2 + F,h = 0. 
Therefore, 

Theorem 4. A family of curves through {xq, t/o, ^o) which have there the 
critical direction, and which have in that point contact of at least the second order 
with the same surface, will be transformed into a family of curves whose tangents 
at {xl, y1, z°) are complanar. Conversely, if a family of curves having the crit- 
ical direction are transformed into curves with complanar tangents, there will exist 
a surface with which they all have contact of at least the second order. 

6. Singularity of the Second Order. We have assumed thus far that P 4= , 
and also that /", g[' , h'l are not all zero. The first assumption made, the 
second is superfluous. For P = is precisely the condition that the equations 
obtained by setting, in (9),/l'= g'i'= h{'= 0, be consistent. That is, if P =|= 0, 
the directions of the transformed curves depend upon derivatives of the first 
and second orders only. This being true, we shall say that the point 
( xo , J/o , zo ) is a singular point of the first order. On the other hand, if it hap- 
pens that P = 0, then the order of the singularity will be higher; and if the 
directions of all the transformed curves can be found by means of derivatives 
of the first, second, and third orders, the point shall be a singular point of the 
second order. 

The detailed description of the properties of the singular point of the second 
order will be omitted, since they may very well be included in the discussion 
of the general case. We merely stop to note that, when P = , we are assured 
by equation (10) that all curves having the critical direction, but for which 
/", g" , h" do not have the critical values needed to make /,' = g'^ = h'i = 0, 
are transformed into curves tangent to n . They are, in a manner, superseded 
in the enjoyment of singular properties, by those curves whose equations 
yield critical values of the second derivatives also. These latter curves we shall 
expect to play the same role as was played in the earlier case by curves having 
the critical direction. 

But it will be a matter of some importance to develop "a practical test for 
determining whether or not a given point is a singular point of the second 
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order. The construction of the quantity P is a rather laborious process, 
which, moreover, does not readily admit of extension to the higher cases. 
For this purpose, let us make use of the following identity in x, y, z: 

A, J,+ A,J^+A,J,^Al <i>^, + Al <i>^^ + Al 4>,^ + 2 A, A, 4>^, + 2 A, A, <^,, 

-\-2A,A,<t>.^+ A,B,^p,^+^A,B,4'yy+ A,B,>I.,,+ {A,B, + A,B,)4'y, 
+ {A,B, + A,B,)4',^+ {A,B,+ A,B,)^p^^+ A,C,e^^-ir A,C,e^^ 

+ A,c,e^^+{A,c,+A,c,)e^,+ {A,c,+A,c,)e,^-^{A,c,-^Afi,)e,^. 

From the fact that J (xo, yo, Zo ) = , certain reductions take place 
in the right member when we put a-o , yo, Zo for x, y , z; for then, 
Al : Ai : Ai = Bi : B2 '■ B3 = Ci : C^ : Ci . Let us suppose, to show how this 
reduction comes about, that ^1 4= . Then the right member above becomes, 

AU^^+Al 4>yy + Al <^,, -]-2A,A, ,p^^ + 2A, A, 4>., + 2A,A, .^,, 



+ 



^lAl^„+2A,A,4^^^+2A,A,4'^^] + ^[Al4'yy+2A,A,4'y,] 



+ ^Al^..+ ^Ule^^+2A,A,e^„ + 2A,A,e^,] 
+ ^Ule,_,^ + 2A,A,ej + ~'^Ale,^. 

Here, if it happens that A2 = , we do not need to trouble ourselves about the 
ratio B2/ AiffoT the terms which give rise to it will not occur at all, and in such 
case we will suppose them stricken out. A similar remark applies to A3. 
But if A2 actually occurs, we may replace B2 / A2 by Bi/ Ai, and if A3 occurs, 
we may replace B3/A3 by Bi/Ai. Likewise, (72/^2= 03/^3= Ci/Ai. 
This done, we have at once, 

(21) AiiAiJ. + A2Jy + A3J^) = AiUH<t>,A)+BiU'i<p,A)+CiUHe,A)., 
This case is entirely typical, and we can say in general, that if Zi =t= 0, 

(22) Ii{hJ, + l2Jy+l3Jz) = AiUH<l>,I) + BiUH'l^,I) + CiU'(e,I), 

for I = A, B , C , and i = 1,2,3. Therefore, the condition P = , that is, 
the condition for a singularity of the second order, is exactly equivalent to the 
condition, 

(23) hJ,+ l2Jy+l3Jz=0. 

The equation (23) is in reality equivalent to the three equations 

/04^ D{4',^, J) _^ D{i,e,J) _ D{e,4>,J) _ 

^-*^ D{x,y,z) "' D{x,y,z) "' D{x,y,z) ^- 
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There will be at least one of these which is not trivial by reason of the van- 
ishing of all the coeflBcients of the derivatives of J . Denote the left member 
of this equation, before the values xq, yo, 2o have been substituted, by 
Ji{x, y , z) . (It may be possible to choose Ji in more than one way, but 
the precise choice is immaterial, since the values of any two of them at 
(xo, 2/0, 2o) differ by a factor different frdm zero). This done, we may 
state our result as follows: 

Theorem 5. The necessary and sufficient conditions that {xo, yo, Zo) be a 
singular point of at least the second order are that 

J (xo, yo, Zo) = , and Jiixo, yo, Zo) = . 

7. Normalization of Parameter. In the further treatment of the curves 
having the critical direction, we shall find it of advantage to take the equations 
of any curve in a certain canonical form. A first step in this direction was 
taken in § 4, when we agreed to make such a change of parameter that, for 
every curve with the critical direction, f = Ii, g' = I2, h' = Iz. What we 
desire to do now, is to extend this normalization to the derivatives of any 
order with which we may be concerned. For this purpose, let us assume 
that by some means the normalization has been effected for the derivatives 
of orders 1,2, ■ • • , k — 1 , in such a manner that the necessary and suf- 
ficient conditions for contact of order n between two of the curves in question 
will be that their equations give rise to the same values of the derivatives 
/'■'^ , 9^'^ > h'^^ , for j = 1,2, • ■ • , n, and for every value of n from 1 to A; — 1 . 

Then the derivatives of order k taken from the equations of any curve of 
the family which has contact of order k, at least, with a specified curve C of 
the family, will satisfy the relations, 

(25) -hf"^ +hU^-> = q, 

where p, q, r depend only on the choice of C , and Ii p -{- I2 q -\- Is r = . 
We may now normalize the derivatives of order k by subjecting them to a 
condition of the form 

(26) a/ « + /3^*> -f 7^*^ = 5, 

provided (26) is always independent of, and consistent with, the equations 
(25); for then the effect of (26) will be to admit one, and only one, set of 
values of /*^ , jr'*^ , h'-''^ from the one-parameter family of solutions of (25). 
It will result from this, that the necessary and sufiicient conditions for contact 
of order k, at least, between two curves of the family under consideration, will 
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be that the kth order derivatives, taken from their equations, have the same 
values for t = to- Now (26) is always independent of, and consistent with, 
the equations (25), if, and only if, 

ha+ h^+hy + 0. 

Under all circumstances, then, we may put a = h, fi = I2, y = I3. The 
value of d is immaterial, but let us call it 5* . It is subject to no restriction 
except that di= Il + Il + U. If 5jt + 0, the values /<«=' = £?<«=' = A»> = 
are excluded, but we shall agree to include them in the family 

/»^ = X7i, fif*> = X72, h'-''^ = \h (X a parameter). 

If now in the above we set A; = 2 , then the conditions are satisfied which 
enable us to appy it when A; = 3 , and so on. So that the desired result — the 
the normalization of the derivatives of orders 1,2, • • • , n — will be effected 
by requiring that 

(27) 7i/<^' + h g^'^ + h U'^ = dj (i = 1 , 2 , . • • , n ) . 

It may now be inquired whether the n conditions thus imposed can all be 
satisfied for an arbitrary curve with the critical direction. Let us suppose that 

x = F(,\), y=G{\), z = Hi\) 

is any curve such that 

F'i\o):G'{-Ko):H'(\o)= h-.h-.h, 
where 

Xo=F{\o), 2/o=G(Xo), 2o=7f(Xo). 

By means of the substitution 

(28) X^a(0 =Xo+i:fi(i-io)\ 

let the functions F , G , H become f (t) , g (t) , h (t) . Then it is possible 
to choose the coefiicients at in such a manner that the equations (27) are all 
satisfied for t = to. In the first place, 

dfjt) _ dF(\) dK _ 
dt ~ d\ dt' 

and when t = to , f = F' ai . Similarly, g' = G' ai and h' = H' ai. Then put 

hf + hg' + hh' = cxiihF' + hG' + hH') = 5i. 
Let 

hF' + hG' + IzH' = yi. 

Then surely 71 4= 0; for F' = kh , G' = kh , H' = kh, and k =¥ 0. That is, 
"1 = 5 1/71. 



244 S. E. UKNER: [April 

Further, 

df ~ dtldXdt i~ d\ df '^ d\^\dt ) ' 

or, when t = U, 

f" = F'a2 + F"al. 

Likewise, g" = G' 02 + G" a? and h" = H'a2 + H" a\ . Then 

/i/" + /2 g" + U h" = a2 71 + a\ 72= 82, 
where 

72 = h F" + h G" + h H" . 
Then we have, 

^2 ~ «1 72 7? ^2 — 8l 72 
«2 = = 3 • 

71 7i 

Obviously, this process can be continued as far as we Hke. Each new condition 
introduces just one new coefficient, which is itself affected by the coefficient 
7i. There will therefore arise neither indetermination nor impossibility, no 
matter how far we choose to carry the process. The coefficients ak being 
thus determined, it is clear that equations (27) are satisfied. We shall, here- 
after, assume the reduction just described to have been made in the equations 
of all curves considered. 

8. The General Case. Let us now suppose that there exists a curve through 
( a;o , 2/0 , So ) for which / ^' , g^"> , h'^"> have such values that 

fori = 1, 2, • • • , A; - 1, but [/f p + [pf p + [hf^f =|= 0. Then let us join 
the point t = to on the transformed curve with the point ( a;i , yi, Zi ) , for 
which t = to-\- e , by means of a secant. The direction-ratios of this line 
will be Xi — xl :yi — y1 :zi — zl, where 

xi-x\=fi{to+ ^)-fi{to)=Yif'^[to+die] iO<0,<l), 

with similar formulae for yi — yl and Zi — z1. Now if we allow « to approach 
zero, we obtain for the direction-ratios of the tangent to the curve, 

cos CXI : cos fii : cos 71 = ff'> (U) : gf (to) : hf (U) . 

Let us now make clear the notion of the order of a singular point. If there 
exist curves satisfying the requirements of the preceding paragraph, then 
we shall say that {xo , yo , zq) is a singular point 0/ order k — 1 , at least. The 
order will be exactly A; — 1 , if there is no curve for which 

ff = ^0) =h(f=0, for i = 1, 2, ■■■, k. 

That is, the order of the singularity is precisely one unit less than the order 
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of the highest derivatives which must be used to find the direction of the 
transform of every curve through (xo, yo, zq) . 

Assuming for the moment that we have to do with a singular point of order 
k — 1 , let us designate as " critical curves " that family of curves which yield 
the values of / ^^ , g^"' , h^"> necessary to make 

f,'=9f=hf=Q, for j=l,2, .■■,k-l. 

By differentiating equations (3) j times we get 

/V'(0 = VxS^^ (0 + <Py9^^ {t) + <p. U'^ it) + Pi, 

(29) #(0 = ^./<^-' (0 + lA«^'^' (0 + lA. h^'' (t) + <ri,' 

The functions pj , <ry , ry depend on the derivatives of <p , ^ , 9 of orders 1,2, • • • , j, 
and on the derivatives off,g,hoi orders 1,2, ■ • • ,j — 1 . Then the critical 
curves have the directions of their corresponding transformed curves deter- 
mined by / 1*^ ( <o ) : gf'' (to) ■ W {to) . In computing these we must evaluate 
Pk, <^k, Tk, and these depend upon the derivatives oif,g, hoi orders 1, 2, • • • , 
h — 1, taken at t = U. The values of these derivatives are determined 
uniquely by the equations 

(30) ff=gU)=Up=o 0- = l,2,..-,fc-l). 

For if we assume the truth of this statement forj= 1,2, •••,ri— 1 {n<k) , 
then p„, <r„, t„ are constant for the family of curves in question, and the 
equations (30) for j = n can be put in the form of (25) . They are therefore 
independent of, and consistent with, the condition (27), for j = n. There- 
fore, our proposition is true for j = n. We know, however, that the equa- 
tions (30) yield, for j = I, the values f = h, g' = h, h' = I3, uniquely. 
That is, our statement is true for i = 2; hence for j = 3, and so on. It is, 
moreover, certain, that all the critical curves have with each other contact of 
order k — 1 at least. 

The necessary and sufficient conditions for the consistency of equations 
(30), considered as equations in / ^^ , g'^'> , h'^'> , are that 

(31) Aipj+ Biffj+CiTj = (i = l, 2, ••., fc-1). 

If we fix our attention upon the curves which have contact of order n — 1 
(n < k) with the critical curves, then the directions of the corresponding 
transformed curves will depend upon derivatives of order n: 

cos ai : cos pi : cos 71 = /f : ??" : h'{'\ 

where, to define /i"', jfi"\ hf\ we replace j by n in (29). Then, by virtue of 

(31), 

Aifr + Bi 9<r^ + C; hf = Ai pn + Bi <r„ + Ci r„ = . 

Trana. Am. Math. Soc. 16 
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That is, the tangent to the transform of any one of the curves in question lies 
in the plane n . 
Turning now to the critical curves themselves, we see from (29) that 

(32) Aifr + Bi gf + Ci hf = At p, + B,- <7, + d r, . 

But, by (31), a sufBcient condition that {xo, yo, zo) be a singular point of at 
least the A;th order, is that the right member of (32) vanish. Hence none of 
the critical curves can go over into a curve tangent to n . If, however, using 
the equations (29), we give to ff\ jrf', hf^ a set of values consistent with 
(32), but otherwise arbitrary, then, (27) being enforced, we can solve uniquely 
for/W ^ g(J') ^ fiik). gQ ^ijat the variation of the latter quantities will yield every 
direction not in n . The same argument shows that among the critical curves, 
those, and only those, will be transformed into tangent curves, which have 
contact of the kth order at least. We may summarize these results as follows : 

Theorem 6. At a singular point of order k — 1, the curves whose equa- 
tions do not yield the critical values of all the derivatives f ^^ , g'^^ , h'-'^ for 
j = 1, 2, • • • , k — 1 , are transformed into curves whose tangents lie in 11; 
while the curves whose equations yield these critical values go over into a family 
of curves which among them have every direction not in U . Among the critical 
curves, the condition for the preservation of tangency is contact of order k , at least. 

We shall now generalize the result found in §5. Let us assume again, 
that we have to deal with a singular point of order k— 1; and let us consider 
the family of critical curves. The condition that the transformed curve cor- 
responding to one of these be tangent to the plane whose normal has the 
direction-ratios \ : ju : i* , is that 

{Mx + H^x + ve^)f^^^ -\- {My-\- l^^v + vdy) fir»> 
(33) 

-1- (X0, + M^, H- vd,) A« -I- Xpft -1- ;u<rft -h j-Tft = . 

Since the plane in question is not Il,\ : n: v ^ A,: Bi : d, and hence (33) is 

a relation of the form 

(34) |/(*> + »/ff(*) + rA« + co = 0, 

where 

la+hv + h^ = 0, but e+v''+^^^o. 

Conversely, we show exactly as for A; = 2 [ see (17) ] that all the curves which 
satisfy a particular relation of the form (34) go over into a family of curves 
with complanar tangents. Further, being given the relation (34), we can 
determine the corresponding tangent-plane by setting the coefficients in (33) 
respectively equal to ? , »? , f , w , and solving f or X , m > '^ • There will be a set 
of values of the latter quantities uniquely determined by these equations, 
since we are assuming that At pjc-\- Bi <rjt + Cj t^ 4= 0. The equations (33) 
and (34) are thus entirely equivalent. 
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All the curves at present under consideration have contact of order not 
lower than k — 1 with each other, and hence with any surface which has con- 
tact of order as high as A; — 1 with any one of them. That is,U F {x,y ,z) = 
is such a surface, then by hypothesis, when t = to, 

d^F[fit),9{t),hit)] 

^. =0 (^ = 1, ...,fc-l) 

for each critical curve. The curves which have contact of order k, at least, 
with this surface satisfy, in addition, the same condition f or i = k, and this 
condition is sufficient. That is, 

(35) ^x/*^ + i^„^<'^> + i^./^*>+co, = 0, for <=0. 

Here oik is what pk becomes when <^ is replaced by F . Now this is a condition 

of the form (34) , since we mean to assume that Fx, Fy, F^ are not all zero at 

(xo, yo,Zo), and 

IiF,+ l2Fy+hF, = 0. 

We are thus led to the following conclusion: 

Theorem 7. Those members of the family of critical curves which have at 
( cco , 2/0 , Zfl ) contact of order k , at least, with the same surface, go over into a set of 
curves whose tangents are complanar; and conversely, if a set of critical curves go 
over into a family of curves tangent to a fixed plane, there exists a surface with 
which they all have contact of order k , at least. 

Let us now alter the hypothesis, and assume that instead of k — 1, the 
order of our singular point is k . The critical curves will now be those of the 
family we have just been considering, which have the critical values of 
y w ^ gm ^ Jiik) . Let us consider the curves of this same family which are no 
longer critical. We know that they are transformed into curves tangent to 
n; and our next proposition is that those of them which have contact of at 
least the Mh order with the same surface will go over into a set of curves whose 
tangents either coincide, or completely fill the plane n . The curves in ques- 
tion satisfy a condition of the form (35). Under the present hypothesis, how- 
ever, this will not in general be of the form (33) ; the condition for this being 
that it be possible to find values of X , ju , v which make 

X<^i + y-fx + vdx = Fx , 

My + IX^/y + Vdy = Fy , 

(36) 

Mz + i^fz^- v6, = F,, 

\pk + MO'ft + VTk = 03k . 

Since At pk + Bi dk + CiTk = Q, these equations are incompatible unless cer- 
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tain conditions of consistency are fulfilled. These will be the same as the con- 
ditions that the equations in/^*^ , g^''^ , A*^ , 

ex/*>+ eyg^''^+ e,/^»'^- r, = 0, 

be consistent. Now, as we have seen, the first three equations admit just 
one set of values of /*^ , g^'''> , hP'^ , and these characterize the critical curves. 
Hence the equations (36) are compatible, if, and only if, the surface F = Q 
has contact of at least the kth. order with the critical curves. But if they 
are compatible, these equations admit a one-parameter set of solutions for 
\, n, V . The direction of the transformed curve is therefore confined to each 
of a one-parameter set of planes. These planes will, however, be found to 
have an axis lying in n . 

If, then, the surface F = has contact of at least the ^-th order with the 
critical curves, the non-critical curves in question will go over into tangent 
curves. If, however, the contact of 2^ = with the critical curves is of order 
A; — 1 only, then (36) are incompatible, and (35) is not a condition of the form 
(33). There being no other restriction upon /**' , <;*' , A*^ , we infer that the 
tangents to the transformed curves will fill out completely the plane n . The 
same result holds if we allow the order of the singularity to increase to any 
value. 

But we can obtain a simpler statement of the above result. Let us fix 
our attention upon the family of curves which have contact of order n, at least, 
with the surface F = , and whose equations yield the critical values of the 
derivatives /^^ , g'-^^ , ¥'"> for j = 1 , 2 , • • • , w — 1 . This does not exclude 
critical curves, which, the singularity being of order k {> n ~ 1 ) , will have, 
in addition, critical values \xp to j = k. If now in this family there exist 
curves whose equations yield the critical values of the nth order derivatives, 
then the remaining members of the family will go over into tangent curves; 
if no such curves exist, the tangents to the transformed curves will fill out 
completely the plane n . 

9. Criterion for the Order of Singularity. The conditions that ( xo , 2/0 , 2o ) 
be a singular point of order k, at least, are, as has been noted before, that 

(37) AiPj-\-Bi<jj-\-Cirj = Q (j = 1, 2 ,•••, fc). 

But in order that these conditions may be intelligible, we must know more 
about the meaning of the symbols py , <tj , tj . We shall outline briefly a process 
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by means of which general expressions for them may theoretically be ob- 
tained. 

We know already that pi = <ri = n = 0; and that 

p,= U'{<l>, I), a,= UH4',l), r,= UHe,l). 

If A; > 2, then the equations (30) for j = 1, 2 will determine uniquely [in 
view of 27) ] certain critical values of f,g', h' and /" , g" , h" . These values 
will depend only on the values of the first and second order derivatives of 
<l>, yp, 6 at ( a;o , 2/0 , 2o ) and not upon any curve or curves. The next step is 
to write down the third derivative, with respect to < , of the composite function 
•^[/(O) 9 (i) J ^(0 ]• The first three terms of this expression will be 
4>xf"' + <t>yg"' + <l>z h'" , and the remainder, after putting for the first and 
second derivatives of /, g , h the values determined above, and in the deriva- 
tives of (p 

X = xo, y = yo, z = zo, 

will be P3. Similarly, using ^ and 0, <tz and n are defined. The process 
thus begun may theoretically be continued, to yield expressions for pk, <7k, n. 
But the practical difficulties speedily become insurmountable. 

We therefore find it convenient to resort to an indirect method of attacking 
this problem. Let us assume to begin with, that ^i =# . This is in reality 
no restriction, for a simple substitution of symbols will suffice to achieve the 
same results in case this hypothesis is untenable. Now let ( .To , yo, ^q ) , 
corresponding to < = <o , be a singular point of order k — \ (A;^2) for the 
transformation. Let 

x=f{t), y = g{t), z=h{t) 

be any curve, satisfying the general requirements laid down at the beginning,^ 
such that the normalization of parameter has been made, and that, if we 
use the notation of (3), 

(38) fT iU) = g'^^to) = up iU) = (i = l,2, •••,fc-l). 
We shall also assume that if J (t) = J [f (t) , g (t) , h (t)], then 

(39) y<^>(<o) = 0- = l,2, •••, fc-2). 
Lemma. From the assumptions (38) and (39) it follows that 

(40) A, y<*-« ( <o ) = AJf' ( <o ) + 5i gr (to) + C, hf> (to). 

Let us first emphasize the fact that the expression on the right-hand side is 
nothing but Ai pk -\- Bi (Tk-\- CiTk. This becomes evident upon consultation 
of the definitions of ff^, gf\ hf^ in (29). As we have explained, p^, <Tk, th 
are determined by means of (38), so that the right member of (40) is deter- 
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mined by the properties of the transformation at {xo, yo, z^) , independently of 
the functions f , g , h, which are of use only for formal purposes. 

Now, according to our hypothesis, we may apply Taylor's Theorem with 
the Remainder to the functions f[ , g'l , h[;we thus obtain the formulae, 

/i it) - T^izi^Vi*^ lu +e^{t-t,)], 

(41) gi{t)^j^~^gf'lto+e2{t-to)], 

h[{t)^ J^^Z^f'i' [^0 +d^{t-to)]. 
Further, 

(42) 7(0- jkzriji J'""' [to+e,{t-to)], 

where < di, 62, 83, di < 1 . But, on the other hand, we have the values 
of /i> 91' K given by (5). Therefore, in view of (41) and (42), we have, 

(4 / \k—l 

jj^z^ { ^1/1*' [<o +ei{t-to)] + B^ (?f [to + e, it -to)\ 

(43) + Ci hf {to+ez{t-to)\]^J{t)f'{t) 

= (^_i)! - •^^*-" [<o +e,{t- to)\f'{t). 

Here the partial derivatives are, as before, converted into functions of t . 
If now in (43) we let t approach to , we obtain, 

(44) /' ( <o ) /(^» ( <o ) = ^1 /i<*' {U) + B, ^1*' ( <o ) + Ci AiW {to). 

But, by hypothesis, 

f'{to) = A,. 

Therefore, the lemma stated above is true. 

Let us now define functions Jn{x, y, z) , as follows: 

(45) Jo = J,J^^ ^^^^y^^y ■■■, Jr.- p(^^y^,) • 

Also, let 

J«{t)^Jn[f{t),g{t),h(t)]. 

Then it follows at once that 

(46) J:_,it,) = JAto),n= 1,2, •■-. 
For 
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But by hypothesis, 

f{to) = A^, g'ito) = A2, h'{to) = Az. 

The equations (46) then result by direct citation of the definition of the 
functions J„ . 

If we put k = 2, the assumptions (38) entail as a necessary consequence 
that 

J {xo, yo, zo) = 0, 

and hence that 7 ( <o ) = . Further, if & = 3 , it has already been shown that 
the hypotheses (38) cannot be made unless 

Ji {xo, 2/0, Zo) = Ji (to) = 0; 

hence, in view of (46), J' (to) = 0. The conditions for the application of 
(40) are now fulfilled, and therefore, 

(47) A^ J" (to) = A^fC ito) + Bi gT (to) + C^ h7 (to) . 

Suppose now that the point (xo, yo, Zo) is a singular point of the third order. 
Then among the functions /, g, A for which (47) is satisfied, let us pick out 
a set for which, also, 

fT {to) = gV {to) = hT {to) = 0. 

For any such set, J" (U) = . Thus the conditions are satisfied for applying 
(40) to the case k = 4, and so on. We conclude, by means of the induction 
thus begun, that the assumptions (39) are superfluous: that is, that they are a 
necessary consequence of (38). 

The equation (40) now yields as a necessary and sufficient condition for a 
singularity of order k at least, that 

y(^i)(;o) = 0. 
For we have pointed out that 

AiffHU) + B^gf^to) + Cihf'iU) = A^pk + 5i cr* + Ci r*. 

Let us now summarize the foregoing results: 

Theorem 8. Let {xo, yo, Zo) ^e a singular point of order at least k — 1; 
and let f (t) , g (t) , h (t) be any functions satisfying our general hypotheses 
(see § 3) whose derivatives, f'-^"' , gf'^' , A'-"' , have, for t = to, the critical values 
ij = 1,2, ■■■ ,k- 1). Further, let 

Jit)^J[f{t), g(t), hit)], 

and let J'^^ ( t ) represent d^' J (t) / dt^ . Then 

J''Hto) = 0, 
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for j = 1,2, • • • , k — 2; and the necessary and sufficient condition for a singu- 
larity of order k at least is that also, 

y(*-i)(io) = 0. 

This theorem holds, even when it is no longer true that ^i #= 0. 

Theorem 8 is of little value as a test, since, in attempting to apply it, we 
meet the same difficulties as were mentioned early in this paragraph. It will 
lead us, however, to the desired result. Let us apply the theorem to the 
transformation obtained by replacing <^ in the original transformation by J . 
This replaces J by Ji. Since 

J^'^ (to) = g'-f (to) = h'f (to) = (i = 1, 2, •••, fc -2) , 

then Jp'""^^ (to) = 0, for the same values of j. Therefore, applying (40), 

^1 J<^^' (to) = A, J^'^» (to) + Bi (/(*-« (to) + Ci h^'^» (to), 



where 



£i = 



J 2J J z 



and 



Ci 



J y J I 



'Pv 4'z 



But gf-^^ (to) = h'l''-^^ (<o) = 0, and hence, since 

^1 J^^» (to) = A,fV (to) + Bi gV (to) + C^ hf (to), 
we have the result, 

(48) A, J<i*-^> ( to) = A,fV (to) + B, gf' (to) + Ci hf (to). 

Precisely the same reasoning shows that 

J':-"-'' (to)= ■•■ = J?-'' (to) = 7(^-« «o) 



(49) 



= j^ [^i/f^ (to) + 5i (/<^) (to) + ChV (to) ] . 



Therefore, finally, Ju-2 (to) = •'^*^" (to) , or, since J'n-i (to) = Jn(to) , 

Jk-i (xo, 2/0, zo) = Jk-i (to) = ^"^" (to) 

(50) 1 

= j^ [AJf^ (to) + Bi gr (to) + Ci Af (to)]. 

Incidentally, it is true that 

J (Xo , yo , Zo) = Jl (Xo , yo , Zo) = Ji (Xo , yo , Zo) = ••• = Jk-2(Xo,yo,Zo) = 0. 

Therefore, given a singular point of order A; — 1 at least, the necessary 
and sufiicient condition that it be a singular point of at least the kth order is 
that Jk-i = there. 

We know already that when k= 1 , the condition is J = 0; and when k = 2 , 
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that it is J = and Ji = . Hence, inductively, we arrive at the final 
result: 

Theorem 9 The necessary and sufficient conditions that the point {xo,yo,zo) 
be a singular point of order k , are that in that point, 

(51) J=0, Ji=0, J2 = 0, •••, Jk-i = 0, Jk^O* 

As a by-product, we have also the following: 

Theorem 10. If the point {xq, yo, Zo) is a singular point of the kth order 
for the transformation (1), then it is a singular point of order k — n — 1 for the 
transformation 

xi = J„ix, y, z), yi = xPix, y, z) , Zi=d{x,y,z). 

Here we rely on the assumption that ^i =# . This theorem is true, however, 
whenever ^^+^2 + ^3=^=0- If this last hypothesis fails, the theorem is 
not true as stated, but must be replaced by one of the theorems obtained by 
replacing \p , 6 hy 6 , <t> and hy <j>, 4^ in the second transformation. 

We have in equations (51), not only the desired test for the order of singularity 
of any point, but also the eliminants of the set of ?>k algebraic equations (30) 
(for j = \ ,2 , • • • , k) , considered as equations in the derivatives of/, g , h. 

10. Order of Singularity, Geometrically Considered. Let us consider the 
three families of surfaces, 

ct> {x, y , z) = const., ^ (x, y , z) = const., d {x, y , z) = const., 

which are carried by the transformation into the three families of planes 
parallel to the coordinate planes. The discussion of this section is carried 
through only in case these equations and all others of the form F (x, y ,z) = 
which occur during the work represent surfaces (not curves or points). If 
we let <j>o = ct> (xo , yo , Zo) , etc., then the surfaces 

(t> {x, y, z) - (t>o = 0, xp (x, y, z) - xl^o = 0, e (z, y, s) - So = 0, 

shall be referred to as the <!>-, \j/-, and 0-surf aces for the point {xoyoZo) ■ Sup- 
pose, for the present, that the three surfaces are regular at {xo, yo, Zo): that 
is, that <i>, \j/ , 6 and their first derivatives are continuous there, while not all 
of the latter vanish; and also that they are non-tangent at this point, that is, 
that not all the cofactors of the elements of any row of J are zero there. 
Now when 

J (xo, yo, Zo) = 0, 

and only then, the three tangent planes have a common line of intersection. 
This means that the three curves of intersection are mutually tangent. Their 
common direction is the critical direction, and this we should expect, since the 
* For a definition of the functions J,- see (45). 
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three tangent curves are transformed into mutually perpendicular straight 
lines. The extension to higher singularities is immediate. Let the curve 
of intersection of the xp- and 0-surfaces have the parametric equations, 

a;-wi(0, y = '»i{i), z = wi{t). 
Then we have, 

^ [Wl (0 , Vi(t) , Wi (01 - >Ao = 0, e [Ml (0 , Vi (t) , Wi(t)]- 00 = 

and therefore, 

..o^ rf^>[Mi, vi, Wi] d^ e [ui, Vi, W i] ,-. o ^ 

(^2^ -dii ^^' -^i "^ = 1,2,-). 

Similarly, using for the other curves the subscripts 2 and 3, we have, 

(53) ^, -0, ^, -0, 

0- = l,2,3, •••). 

,,-x d' ct>[us, Vz, W3] *>/'[M3, »3, W3] 

^^^) — d<^ — ^^' — dt^ — "^ 

Let us always suppose (27) to be in force. Then the equations (52) may be 
considered as linear equations which determine uniquely the values of 
u'/\ v[^\ w{^^ up to, say, j = k which belong to the corresponding curve. 
Similarly we use (53) and (54). If we suppose the three curves in question 
to have contact of order katt = to, then let the curve 

x=fit), y = g{t), z=h{t) 

have contact of the same order with them there. The various values of the 
derivatives obtained from (52), (53), (54) will be equal to the values of the 
corresponding derivatives of f, g , hior t = to. That is, 

.„. d'4>[f,g,h] d'Hf,g,h] d'e[f,g,h] 

This means that the point is a singular point of the A;th order, at least, and the 
critical values of / ^'^ g'^~> , ¥''' are yielded by each of the three curves of inter- 
section of the <*-, \p-, ^-surfaces. The equations (55) may be regarded as 
algebraic equations in the f^'^ , g^^ , ¥'^ apart from any relation to the func- 
tions /, g ,h. Regarding the j^'' , g'-^"' , U^^ as unknown quantities, and allowing 
the derivatives of the w,-, »,-, Wi to play the same r61e, it is clear that the coef- 
ficients in the first two of equations (55) are the same as those of (54), and so 
on. The system of solutions of (55) is unique, if we assume them consistent, 
and is exactly the same as the system of solutions of (52), of (53), or of (54) 
( j = 1 , 2 , • • • , h) . Therefore, if (55) are consistent, that is, if the point 
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{xo , yo , Zo) is a, singular point of the kth order, it follows that the three curves 
of intersection of the 4>-, f-, and 0-surfaces have contact of order k, at least, 
each with the others. That is: 

Theorem 11. The necessary and sufficient condition that a given point be 
a singular point of order k , is that the three curves of intersection of the <^-, \p- , 
and 6-surfaces for that point have with each other contact of order k. 

If the surfaces are still regular, but two of them are tangent, then the latter 
are not tangent to the third. The curve of intersection of the two tangent 
surfaces will have a singular point, while their intersections with the third 
will be regular and tangent, both having the critical direction. It will always 
be true that J {xo, yo, Zo ) = , and the condition for singularity of order 
k {k < 1 ) will be contact of order k between the two regular curves. On the 
other hand one ( but no more than one ) of the surfaces may have a singular 
point at {xo, yo, zo)- The other two have, then, distinct tangent planes; 
while always there is a singularity of at least the first order. The critical 
values of the derivatives are yielded by the equations of the one regular 
curve of intersection; and the order of singularity is measured by the order 
of contact of this curve with the singular surface, it being understood that this 
contact is to be defined by the analytical conditions used at an ordinary point 
of the surface. 

The surface J = has an interesting relation to the curves we have been 
considering, which we may state as follows: 

Theorem 12. A necessary and sufficient conditiori that {xo,yo,zo)hea singidar 
point of order k for the transformation, is that the surface J = have contact 
there of order k — 1 with the curves of intersection of the <f>-, xp-, and d-surfaces 
for that point. 

For, as was shown in § 9, if ( a;o , 2/0 , zo ) is a singular point of the A;th order 
and it X = f (t) , y = g (t) , z = h (t) is a critical curve, then 

y«> (<o) = {j = i,2,---,k-i), 

while the condition for a singularity of order A; + 1 is that also J'*' (to) = . 
And these are the conditions for the contacts in question. 
We also showed that, 

J^-l''^'\to) = J'^Sr'\tJ=---=J'r'' «o) = ^"'«o) = (y =0, 1,2, ...,fc- 1) ; 

■where it is assumed that the equations involving a negative index are to be 
omitted, and that J'j"^ (tg) = Ji(t„) . The meaning of this we state as follows: 
Theorem 13. If the point (xo, yo, Zo) is a singular point of order k for 
the transformation, then the surface Jn = (n = , 1 • • • k — 2) has contact of 
order k — n — 1 with the curves of intersection of the 4>-, <{/-, and d-surfaces. 
Moreover, the surface Jk-i = passes through the point (xo, yo, Zo) , and may 
be said to have contact of order zero with the curves in question. 
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There is a rather curious version of the condition for a singularity of the 
second order, which does not seem to have a direct analogue in the higher 
cases. If we let At , Bi , d have the values which they take on at ( Xo , 2/0 , 2o ) , 
then the surface 

Ai {4> - <^o) + Bi {4'-M + Ciie- do) = 

passes through (xo, yo, zo) , and, since J = 0, it has a singular point there. 
If not all the second order derivatives of the left member vanish, then the tan- 
gent lines at the point in question lie on a quadric cone, whose generators have 
direction-ratios / : m : w satisfying the relation 

AiUH4>, I, m, n) + BiU^ (^, I, m, n) + dU'^ie, I, m, n) =0, 

where by U^{(t>, I, m, n) is meant the result of substituting I, m, n for 
•i^i ) ^2 , -^3 in 17^ ( <^ , 7 ) . Then the equation 

P = Ai U' {<i>, I) + Bi U' ii., I) + Ci U^{e,I) = 

is the condition that the line having the critical direction be one of the generators 
of this cone^^. e., that it be a tangent line to the surface under consideration. 
This surface is carried by means of the transformation into the plane n . 

Being concerned primarily with questions of contact, we have said nothing 
about the behavior of the transformed curve in the neighborhood of the point 
{x1, y\, z\) . Unless ( a;o , 2/0 , 20 ) is a singular point of infinite order, or the 
functions 4> , \(/ , 6 lack the necessary derivatives to enable us to determine its 
order, then any curve whose defining functions have the requisite number of 
continuous derivatives goes over into a curve which is regular in the neigh- 
borhood of ( xj , 2/J , zj ) . For there exists an interval on the original curve 
about {xo, yo, zo) such that within it, except at this point, the curve never 
has the critical direction. Otherwise, the functions f[ (t) , g'l (t) , h[ (t) 
would vanish for all values of < in a certain interval; and/i (0. 9i (t) > hi (t) 
would be constants. This would mean that the original curve had gone over 
into a point, and therefore that {xq , yo , Zo) is a singular point of infinite order. 
Moreover, we have shown that the transformed curve has a definite tangent 
at ( a;, , 2/1 > ^i ) • Whatever peculiarities the curve has are due to the fact 
that, if the original curve has the critical direction, a value of k exists, such 
that 

fP (to) = g'P (to) = h^ito) = ij = i,2,---,k-i), 

but ff\ g[^\ hf^ are not all zero. Now, whenever k is even, the curve will 
present a cusp at (x^, y\, zl); but if k is odd, there will be a smooth arc 
through the point. In particular, the parts of the curve on opposite sides of 
the cusp may coincide, so that the curve appears to consist of a single branch, 
coming up to the point, and ending there. We make these statements briefly. 
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and without proof, since we are interested only in questions of contact, for the 
treatment of which the present distinction is not significant. 

11. Examples. The following examples, (a) — {d) , illustrate the foregoing 
theory, 
(a) xi = X, yi = y, Zi = z^ . 

Here J = 2z, and Ji = 2; so that all points of the plane z = are singular 
points of the first order, it being impossible for Case II or Case III to arise. 
For every point of the plane 2 = 0, the critical direction is that of the per- 
pendicular to this plane; and for each point the plane 11 is the plane zi = 
itself. On account of the simplicity of this transformation, its properties are 
easily studied; and this is of considerable importance, since it is not difficult 
to prove that every transformation which meets the requirements of §1, and which 
has in the point {xo, yo, Zo ) a singularity of the first order, can be expressed as 
the product of three transformations R, S , and T , of which R and T are non- 
singular at {xo, yo, 2o) , while S is the transformation given by (a) .* 

(6) Xi = X, 2/1=2/) 2i = 2" [ n an integer, S 2 ] , 

J = nz"~^ , Ji = n {n — 1) z"~^ , • • • , J„_2 = n I z, Jn-i = n ! 

The points of the plane 2 = are all singular points of order n — 1. There 
are no other singular points. The critical values for any point are furnished 
by the parallel to the axis of 2 through the point, and the order of the deriva- 
tives needed to find the direction of any transformed curve will be greater 
by one unit than the order of the contact of the original curve with the line in 
question. All curves for which this order is less than n — 1 will go over 
into curves tangent to the plane 2i = . There seems to be, however, no 
theorem in this case analogous to that stated in (a). 

(c) xi = 2x + z^, yi = x + y, zi = z^ + a^ — 2y. 

Here it is allowable to set the I of the general theory equal to C , and the i 
equal to 3 . We then have, 

J = -4xz, Ji = -8{x-z^), J2 = 48z, /3 = 96. 

Hence, all points of the line x = z = are singular points of the third order, 
while all other points of the planes a; = and 2 = are singular points of the 
first order. For any singular point (xo, yo, zo) , the critical direction is 
— 2o : Zo : 1 , and all curves through the point, not having this direction, will 
be transformed into curves tangent to the plane whose normal has the direction- 
ratios — 1 — Xo : 2 : 1 [plane H] . 

* A similar theorem for transformations in two dimensions was given by L. S. Dbdebick, 
in his dissertation, deposited in the Harvard University Library in 1909. 
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At the origin, a singular point of the third order, curves having contact of 
the first, second, and third orders with the curves of intersection of the 4>-, 
4/-, 6-surfaces will have the directions of their transforms determined by 
derivatives of the second, third, and fourth orders, respectively. For example, 
the line x = y = has contact of the first order with the critical curves. It 
is transformed into the curve, Xi = z^ , yi = , Zi = z^; whose direction depends 
upon derivatives of the second order. This curve consists of half the line 
yi = , Xi — zi = , taken twice over, so that there is a cusp at the origin, 
although the two branches meeting there coincide. We see also that the line 
lies in the plane n. 

On the other hand, the curve x = f — ^f , y — f — ^f , z = t has contact 
of the second order with the critical curves. It is transformed into the curve 
xi = 2f, 2/1 = 2fi, zi = f— fi + ^t* — 2<'; whose direction depends on deriva- 
tives of the third order. It is regular at the origin, and its tangent there lies 
in the plane n , whose normal has the direction-ratios — 1:2:1. 

{d) xi = x^ -\- iyz — 2z^ , yi = x^ -\- ^y^ + 2xz — z^, zi = z^. 
Here 

J = 16z (2xy — xz — z^) . 

The Ji are complicated, and will not be written down here, but the fact is 
that the points of the line x = y = z (except the origin) are singular points 
of the second order, while those of the lines x = z = Q and y = z = (except 
the origin) are of the third order. At the origin we have Case III, while 
all the remaining points of the plane z = and the cone 2xy — xz — z^ = 
are of the first order. 

At the points of the plane z = , the critical direction is given by the ratios 
— 8j^ : 2xy — oi^ : ixy. At the singular points of the first order in this plane, 
the line with this direction does not lie in the plane, but at those of the third 
order, on the x- and y-axes, it is, in each case, the perpendicular, in the x , y 
plane, to the axis containing the point. The plane z = is invariant, and is 
the plane n for each of its points. 

It may be of interest to note the effect of the transformation upon the 
family of straight lines, 
(a) y = ax+ b, z = (o + 0, & + 0) , 

all of which have at every point directions distinct from the critical direction. 
They are transformed into the family, 

W) xi = x^, yi = x^ + 4 {ax + by, Zi = 0, 

which lie wholly in the first quadrant of the plane zi = . Their directions 
depend on derivatives of the second order, and there will be nothing peculiar 
about them, except at the points corresponding to the intersections of the 



1912] SINGULARITIES OF POINT TRANSFORMATIONS 259 

curves (a) with the x- and y-axes. For, given a and b , these points will be 
(0,6) and ( — b / a, 0) , corresponding to ( , 46^ ) , and {V j a^ , b^ j a?) . 
Moreover, the direction of the corresponding curve in (fi) will be : Sab : 
at (0, 462) and - 2b / a : - 2b j a : at (6Va^ b^ I a^) , so that it is always 
tangent to the two lines xi — yi = Q ,zi= , and a;i = si = , into which the 
X- and y-axes are transformed. Hence the one-parameter family of (/3) which 
intersect at any one point of either of these lines will be tangent in that point. 
Indeed (cf. Theorem 1) the plane of the tangents to the corresponding curves 
in (a) contains the critical direction. 

12. Outline of an Extension to the Theory. The theory as thus far developed 
is based essentially upon the assumption that for all curves considered, 

/''(«o) + /(<o) + A''(«o) 4=0. 

This is assuredly the case of greatest interest, but we shall indicate briefly 
what is the nature of the problem when the above requirement is violated — 
without pretending to any degree of completeness. 
Let there be taken a curve such that 

(56) fU)^t^) = gU)(^to) = h^'Hk) = ^ (y = i, 2, •••,&- 1), 

but / ^'''^ , ^'*' , A*> are not all zero. Here, of course. A; > 1 . Then, in general, 
the direction of the transformed curve is given by /f : ^i*^ : Af ^ , where we 
use (29) with j = k and t = to, and set pt = o-fc = Tt = . The 'direction 
of the original curve is /*^ : g^^^ : hP'^ . The direction of the transformed 
curve is thus determined, unless J (xq, yo, Zo) = , and 

f^'' -.g'"' ■.h^''> = h:h:h; 

that is, unless the point is singular, and the curve has the critical direction. 
Further, the curves not having the critical direction go over into curves tangent 
to the plane n . 

Now, setting j = k + n and t = to'm (29), we have, if n < k, 

Pk+n = ffAH-n = Th+^ = . 

For the sum of the orders of the derivatives oi f, g , h which occur in any one 
term of these expressions is k -}- n (counting each derivative as many times 
as it occurs). Hence any derivative of order at least as great as k (unless 
its order he k + n) occurs in the same term with derivatives the sum of whose 
orders is at most n ( < k) , and which therefore vanish for t = to. Moreover, 
the curves for which 

/ ^"^'^ : ?»+^> : h<-''+'^ = h-.h-.h (J = 0, 1, 2, • • • , fc - 1) 
will have the directions of their corresponding transformed curves determined 
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by the ratios /f+"' : gf^"^ : hf+"\ except those for which, further, 

f (k+n) . g(k+n) . Jfl+n) = I^;l^;l^, 

Still excepting the latter curves, then, the curves in question will go over into 
curves tangent to n . If we now let n run from to A; — 1 , we see that all 
curves satisfying (56), except those for which 

(57) f ^'^ : g^'> : h^'> = h : h : Iz {j = k, k + 1, ■■■ , 2k - I), 

go over into curves tangent to n. 

The transforms of the critical curves which satisfy (57) will have their 
directions determined, in general, by the ratios ff"^ : gf^'' : A'"' which are 
given by (29). 

Here p2k, a-a,, T2k depend upon the derivatives/^*^ , gr'*\ h^''^ , which we may 
replace by 7i , I2, I3. The condition that all the curves in question be dis- 
posed of by these formulae is that Ai p2k + Bi <r2k + Ci T2i + . This being 
granted, none of our critical curves can go over into curves tangent to 11; 
but the directions of their transforms are otherwise not restricted. If 
Ai P2k + Bi (T2k + Ci T2k = , we have a singularity of a higher order, and 
those curves of the family under consideration, which do not yield the critical 
values of /'^*> , g^^^ , A^*' go over into curves tangent to n . 

Continuing, we note that the quantities P2k+n, <r2k+n, T2k+n depend upon 
the derivatives oi f , g , h oi orders k , k -\- 1, • • • , k -^ n, so that not until 
ra = A; do we need to make use of the critical values of /^^*^ , g^^^ , hS^^ . We 
may use as the critical values up to n = A; — 1, 

/«> = 7i, g^'^ = h, h^^ = h U = k,k + 1, ■■•,k + n). 

After this, the critical values are given by the equations (see (29)) 

;(«+.) = ^(2*+.) = ^(2*+,) ^0 (J = 0, 1. 2. •••.«- 1 ) . 

We must suppose, in order that these equations may be consistent, that 

(58) Ai p2k+j + Bi (T2h^j + Ci T2k+j = . 

If (58) is not satisfied iorj = n, then the curves having equations which furnish 
the critical values of the derivatives thus far determined will have the directions 
of their transforms given by the ratios /J^*"*""' : gi^'"*'"^ : Ai""*""', these quantities 
being defined by replacing, in (29), j hy 2k -\- n. All other curves will go 
over into curves tangent to n , whereas none of the critical curves in question 
have this property, although, as before, their transforms will fake every di- 
rection not in this plane. 

The conditions (58) form the tests for the order of a singular point, but their 
use involves the solution of a system of linear equations. We might define 
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the order of a singular point as in the previous case, but the classification would 
be unsatisfying, since it would depend not only upon the properties of the 
transformation but also upon the value of k. The curves we have been con- 
sidering in this section do not often occur, and in many cases a change of para- 
meter will remove the peculiarities in their equations. 

13. Transformation of Surfaces. Let us now seek to determine the effect 
of the transformation upon the contact of surfaces at a singular point. In this 
connection there will be the special problem of determining the tangent plane 
to the transform of a given surface at a point corresponding to a singular point. 
The usual method of " extending " the transformation is inadequate when the 
Jacobian becomes equal to zero. Let the surface to be transformed have the 
equation F {x, y , z) = 0, where F (x, y , z) is continuous at {xo, yo, Zo) 
and has all its partial derivatives of order less than or equal to that of the deriv- 
ative of highest order which is used explicitly, also continuous there. It is 
further assumed that not all the first derivatives vanish at {xo, yo, Zo) • 

The method of procedure will be to transform the surface by transforming 
all the regular arcs passing through the point {xq, yo, zo ) which lie upon it . 
For this the way has been prepared in what has gone before. To begin with, 
if the surface is not tangent to the critical curves, then every regular curve 
upon it which passes through {xo,yo,Zo) will have a direction distinct from the 
critical direction, and will therefore go over into a curve tangent to the plane 
n. No two of these curves which are non-tangent can be transformed into 
tangent curves, since the plane of their tangents does not contain the critical 
direction. The directions of the transformed curves completely fill out the 
plane n, which will be the tangent plane to the transformed surface. This 
is the general case. 

On the other hand, if the surface is tangent to the critical curves, then 
(assuming for the present that the singular point is of the first order ) we know 
that the family of curves in question will in general go over into tangent curves; 
for they have a common tangent plane through the critical tangent. But 
those curves of the family which are also critical curves will go over into a set 
of curves with a common tangent plane. We are, moreover, in a position to 
compute the direction of the normal to this plane. The details will be reserved 
for the general case. 

Let {xo,yo,Zo) be a singular point of order k— 1, and let the surface F = 
have contact of order at least k — 1 with the critical curves. Then every 
regular curve lying upon F = 0, passing through {xo, yo, Zo) , but not having 
contact of order as high as A; — 1 with the critical curves, will go over into a 
curve tangent to a fixed line L which lies in the plane n (see § 8). The curves 
which have contact of order A; — 1 , at least, with the critical curves, will go 
over into a family of curves having a common tangent plane through L, 

Tarns. Am. Math. Soc. 17 
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whose normal has the direction-ratios \ : n : v; these numbers being determined 
by the equations (36). We may take as the conditions for the tangency of 
surfaces that the corresponding pairs of first derivatives of the left members 
of their equations be equal. It is clear, then, that among the surfaces satis- 
fying the requirements of this paragraph, those, and only those, will be trans- 
formed into tangent surfaces which are tangent to each other and for which 
the quantity oik (see (35)) has the same value. This latter condition is the 
same as that every curve with the critical direction which has contact of order 
as high as A; — 1 with one of the surfaces shall have contact of at least this 
order with the others also. Moreover, it follows, from what was said above, 
that the family of surfaces tangent to a given surface will go over into a 
family whose tangent planes form a pencil about a fixed axis in the plane n . 

But if we now alter the hypothesis, and let {xo , yo , zo) he a singular point of 
order k , then the developments of § 8 show that two alternatives confront us. 
If i'' = has contact of order k , or higher, with the critical curves, then we 
need only, in the above discussion, change k — 1 into k . But if i^ = has 
not contact of order as high as k with the critical curves, it is transformed 
into a surface tangent to n . 

Our assumption concerning F is this: there exists a value n, such that all 
the derivatives of F , up to and including those of order w + 1 , are continuous 
at ( a;o , 2/0 J 2o ) ) and that, \i x =f {t) , y = g {t) , z= h {t) \s a, critical curve, 
d^'F (/, g , h) I dp vanishes when t = to iov i= 1, • • • , n but does not vanish 
when i = n-\- 1. Assuming that F is such a function, we state our result 
as follows: 

Theorem 14. Let (a;o, yo, zo) ^e a singular 'point of order k. Then, if 
the surface F =0 has contact there of order not less than k with the critical curves, 
the norTnal to the surface into which it is transformed will have at (xl, y\, z\) the 
direction-ratios \: ix:v , these numbers being obtained from equations (36) with k 
changed to k-\-l . But if F = does not have contact of order as great as k with 
the critical curves, it is transformed into a surface having U as its tangent plane. 

What has been said above seems contradictory; for if we pick out a curve 
through (xo, yQ,Za) which goes over into a smooth curve through ( a;? , t/J , zj ) , 
and pass two surfaces through it, the surfaces will in general be transformed 
into tangent surfaces whose curve of intersection has a multiple-point at 
{xl , y1 , zl) . A simple example will show how this difficulty may be removed. 
Let us transform the straight line x = y = zhy means of the transformation 
xi = X , yi = y , Zi = z^ . The transformation is regular at all points of this 
curve, except the origin. The curve goes over into, 

(59) xi = t, 2/1 = t, 2i = f, 

which is tangent to the plane zi = , and is, besides, perfectly regular, at the 
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origin. Now the two planes, x — z = and y — z = 0, may be used to deter- 
mine the original curve. They go over into the pair of parabolic cylinders 

(60) zi = Xi and Zi = yl, 

which are tangent to the plane zi = at the origin. Their complete curve of 
intersection has there a double-point. But this curve consists of two branches: 
one in the plane xi — yi = , and the other in the plane xi-{- yi = . The 
first is the curve (59), while the second is the curve 

xi = t, yi= — t, zi = f, 

which corresponds to the straight line x = — y = z. The latter is determined 
by the planes x — z = 0, and y-\-z= , which by means of the given trans- 
formation, also are carried into the pair of parabolic cylinders (60). 

To illustrate the process described above, let us consider the transformation 

xi = 2x + z^, yi = x + y, Zi = z^ + x^ — 2y , 

which has been briefly discussed in Example (c) of § 11. The origin is, for 
this transformation, a singular point of the third order, and the surface 

F {x , y , z) ^ x^ + y^ + xy + X + y = 

has there contact of the third order with the critical curves. Hence the 
transform of F = will have, at the origin, a normal whose direction-ratios 
are \ : ix : v , determined by means of equations (36) for k = 4 [ see Theorem 
14]. The intersection of the <j)- and t/^surfaces, 2x-{- z^ = 0,x-{- y = 0,isa 
critical curve. The parametric equations are, 

x=f{t)^-^f, y = g{t)^\t\ z=h{t)^t. 



Then 

Pi 



= [ '''V''^ -^-/'^-^-^'^-^-^'^Lr'- 



Similarly, using ^ , 6 , F successively in place of ^ , we obtain <r4 = , t4 = 6 , 
<04 = 6 . Therefore, the equations (36) become, 

2X + /t=l, /t-2j'=l, 61- =6, 
whence 

X= — 1, /t = 3, V = 1 . 

This result will be verified if we actually transform the surface F = 0, ob- 
taining the surface 



G = 2/1+ 32/1 — a;i + zi =F yiV2yi — a;i + Zi = . 
The direction-ratios of the normal will be given by G^^ : Gy^ : (?«, or 
-1^ , '' :3 + 2yi^ ^i-yi-^i .^ ^ 



V2yi -xi + zi' V2yi - Xi + zi 2V2yi - a;i + zi 
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These derivatives become infinite at ( , , ) , but their ratios have the limits 
-1:3:1. 

14. Note on Cases II and in. In these cases no such definite and simple 
classification of singularities is possible as in Case I. If the definition of the 
order of singularity already given is retained, there will be a wide variation in 
the behavior of the transformation at different points of the same order, which 
in a complete discussion must be accounted for. The fundamental distinction 
is that the critical values are not uniquely determined at any stage. There- 
fore, in discussing the compatibility of the equations 

ff = gT=hf=0 (i = i,2, ---.k), 

we must consider that they all contain the derivatives / ^^ , g'^~' , h^"' as un- 
known quantities. These equations are not therefore to be treated as equations 
of the first degree, as in Case I, and the problem of elimination presented is 
probably too formidable for complete solution. We do not look, then, in 
these cases, for such explicit analytical conditions as those of Theorem 9. 
In Case II, I have been able to determine these conditions ioT k = 2, and also, 
except for the conditions mentioned, to discuss completely the transformation 
of curves. It is rather remarkable that the various sub-cases which arise 
under Case III present the same problems as Case I, Case II, and Case III 
itself, so that each sub-case is practically as large a problem as the original one. 
The discussion here has been carried out with less detail, but the essential 
outlines of the theory have been constructed. These results I hope to amplify, 
and perhaps to present in a later paper. 

Miami Universitt, 
Oxford, Ohio, 
December, 1911. 



